Large classes of warped AdS 6 solutions were constructed recently in Type IIB supergravity, and identified as holographic duals for five-dimensional superconformal field theories realized by (p, q) five-brane webs. We confront holographic results for the five sphere partition functions obtained from these solutions with computations for the putative dual field theories. We obtain the sphere partition functions and conformal central charges in gauge theory deformations of the superconformal field theories numerically using supersymmetric localization, and extrapolate the results to the conformal fixed points. In the appropriate large N limits, the results match precisely to the supergravity computations, providing strong support for the proposed dualities.
Introduction
Five-dimensional superconformal field theories are interesting for a variety of reasons. On the one hand, defining interacting quantum field theories in dimensions greater than four is challenging, as conventional gauge theories are perturbatively non-renormalizable. On the other hand, a large body of evidence suggests that interacting superconformal field theories in five and six dimensions exist, and have interesting relations to field theories in lower dimensions [1] [2] [3] [4] [5] . Many of the five-dimensional superconformal field theories have relevant deformations that flow to conventional, although non-renormalizable, five-dimensional gauge theories in the infrared, rendering these gauge theories "asymptotically safe". The ultraviolet fixed points themselves, however, do not have supersymmetric marginal deformations (no dimensionless coupling constants) and no conventional Lagrangian description.
In the absence of a conventional Lagrangian description, indirect tools such as AdS/CFT dualities are particularly useful for quantitative studies of the five-dimensional superconformal field theories. A prerequisite for this approach is the availability of AdS 6 supergravity solutions and a precise identification of such solutions with dual field theories. A warped AdS 6 solution in massive Type IIA supergravity has been known for some time [6] [7] [8] , and has been studied and extensively checked [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . More recently, large classes of warped AdS 6 solutions were constructed in Type IIB supergravity [19] [20] [21] [22] . These solutions provide holographic duals for large classes of five-dimensional superconformal field theories, and there are compelling arguments for their identification with (p, q) five-brane webs in Type IIB string theory. This identification suggests a concrete map between supergravity solutions and field theories. Several aspects of the dualities have since been studied holographically [23] [24] [25] [26] , and the spectrum of certain large-scaling-dimension operators for various superconformal field theories has been matched to supergravity in [27] .
The aim of this work is to provide a decisive test of the aforementioned identification of Type IIB supergravity solutions with five-dimensional superconformal field theories at the level of the partition functions. We will obtain the partition functions of the superconformal field theories on the five-sphere, S 5 , as well as the conformal central charges C T , which are related to the partition functions on squashed five-spheres. The strategy will be to study gauge theory deformations of the superconformal field theories, and use supersymmetric localization [28] [29] [30] [31] [32] [33] to compute the partition functions at strong coupling. The results will then be extrapolated to the ultraviolet fixed-point theories. We will study two specific examples: The T N theories [34, 35] , which reduce to isolated, intrinsically strongly-coupled superconformal field theories in four dimensions upon compactification, and the theories realized on intersections of N D5 and M NS5-branes, which we will refer to as the # N,M theories, studied originally in [5] . The matrix models resulting from supersymmetric localization in the gauge theory deformations will be evaluated using numerical saddle point techniques, for a range of finite N for the T N theories and finite N , M for the # N,M theories. These saddle point techniques are expected to become exact at large N and large (N, M ) for the T N and # N,M theories, respectively. From the numerical saddle point results we can thus reliably extract the leading-order terms in the partition functions and conformal central charges at large N and large (N, M ) , and compare to the results obtained from holographic analyses using the solutions that are proposed to correspond to these theories.
The outline of the remaining part is as follows. In Section 2 we discuss gauge theory deformations of the five-dimensional T N and # N,M superconformal field theories. In Section 3 we set up the corresponding matrix models, which compute the squashed five-sphere partition functions from supersymmetric localization, and compute the five-sphere partition functions as well as the conformal central charges C T using numerical saddle point methods. In Section 4 we review the supergravity solutions associated with the five-brane webs of the superconformal field theories and discuss the holographic results for the partition functions. A comparison of the results is presented in sec. 5, and we end with a discussion in sec. 6 . Technical details and additional numerical results are contained in two appendices.
The five-dimensional T N and # N,M theories
In this section we introduce the two five-dimensional superconformal field theories whose partition functions and central charges we will compute and compare with the corresponding supergravity results. We discuss their realization as (p, q) five-brane webs in Type IIB string theory, which allows for the computation of their partition function from supergravity, as well as their deformations to infrared gauge theories, which permit a field theory computation of the partition functions using supersymmetric localization.
The first example are the five-dimensional T N theories [34, 35] . They are realized on an intersection of N D5-branes, N NS5-branes and N (1, 1) five-branes. A brane web corresponding to a deformation away from the superconformal fixed point to the gauge theory phase is shown in Figure 1a . The ultraviolet superconformal field theory is retained in the limit where all external five-branes intersect at a single point. Upon compactification on S 1 , these theories reduce to the four-dimensional T N theories [36] (see [37] for a nice review). A gauge theory description for the five-dimensional theories is given by the linear quiver [38, 39] SU (2) SU(3) SU(N − 1)
The circles denote gauge group nodes with the gauge group as label, while the squares denote hypermultiplets in the fundamental representation of the gauge group node they are attached to. The X i i+1 denote bifundamental hypermultiplets between adjacent gauge group nodes, and by Y 1 , Y (N −2) we denote the two, N fundamental hypermultiplets for the first, last gauge node, respectively. Each of the bifundamental hypermultplets gives rise to a U(1) b symmetry, and each gauge node gives rise to a U(1) I instanton symmetry. The resulting global symmetry group of the gauge theory is given by
where the first and last factor are the flavor symmetries associated with the fundamental fields. The Chern-Simons levels are zero for all nodes [38] . As is evident from the brane web, the ultraviolet superconformal field theory has (enhanced) global symmetry
3)
The second theory in consideration in this paper is realized by an intersection of N D5-branes and M NS5-branes. This theory has originally been discussed in [5] , and a corresponding brane web is shown in Figure 1b . Inspired by the shape of the web we refer to this theory as the # N,M theory. In this case, a relevant deformation flowing to a gauge theory in the infrared yields the linear quiver
where the SU (N ) node appears (M − 1) times. The Chern-Simons levels are zero for all nodes. We again use X i i+1 to denote bifundamental hypermultiplets between adjacent gauge group nodes, and Y 1 , Y M −1 to denote N fundamental hypermultiplets for the first, last node, respectively. The infrared gauge theory exhibits the U(N ) flavor symmetries arising from the N fundamentals at each end, the U(1) b symmetries associated with the bifundamental hypermultiplets, as well as the instanton U(1) I symmetries,
This infrared symmetry is enhanced at the ultraviolet superconformal fixed point to
The S-dual quiver is obtained by rotating the brane web by 90 degrees, and is given by
where the SU (M ) node now appears (N − 1) times.
Partition functions and central charges from localization
In this section we spell out the matrix models for squashed five-sphere partition functions for the gauge theory deformations of the five-dimensional T N and # N,M theories introduced in the previous section. The infrared description in terms of a conventional Lagrangian gauge theory allows for localization computations. Generically, supersymmetric localization computations using a supercharge Q are sensitive to all operators in the cohomology of Q. One may therefore expect computations for the ultraviolet conformal field theory to receive contributions from higher-derivative terms in the infrared Lagrangian description. However, it was conjectured in [9, 30, 40 ] that all such contributions are Q-exact, and thus will not affect the localization computation. This argument suggests that the result for the superconformal field theory partition function can be obtained by simply taking the (bare) five-dimensional Yang-Mills coupling to infinity (i.e. g YM → ∞) in the infrared gauge theory localization.
Generically, (squashed) five-sphere partition functions receive instanton contributions, arising from localization in nontrivial instanton backgrounds. For the superconformal field theory at g YM → ∞ (or equivalently at vanishing instanton mass m I → 0), terms of all instanton numbers contribute equally, and naïvely a perturbative expansion is not possible. However, it was argued in [9] that at large N a simplification occurs, in that the instanton contributions are in fact exponentially suppressed. At the heart of the argument lies the fact that the instanton mass m I ∝ 1/g 2 YM is BPS and thus determined by the central charge Z of the superconformal algebra. Hence, the instanton expansion is actually controlled by Z, which in turn is related to the effective Yang-Mills coupling g eff , given by
where we collectively denote the Coulomb branch parameters by λ [1-3]. As we explicitly (numerically) observe for the theories in consideration, the Coulomb branch parameters λ scale as 2) for T N theories, and as
for # N,M theories. Thus, we expect that in the respective limits, the inverse effective YangMills coupling diverges, and as a consequence the contributions with instanton numbers n > 0 are exponentially suppressed in the partition function.
We further notice that in the case of Seiberg theories it was (experimentally) observed in [41] that even for small N , instanton contributions to the five-sphere free energy are small compared to the zero-instanton localization. Since Seiberg theories with N f = 4 and N f = 3 are equivalent to T 2 and # 2,2 , respectively, this result suggests that the zero-instanton contribution approximates the full five-sphere partition function well even for T N and # N,M theories at small N and small (M, N ), respectively.
Five-dimensional T N theories
We now spell out the perturbative squashed five-sphere partition function for the gauge theory deformations of the T N superconformal field theories introduced in Section 2. We refer to Appendix A for details on the general form of the perturbative (zero-instanton) part of the squashed five-sphere partition function for arbitrary theories. For notational convenience we define
With the simplifying notation
is explicitly given by
where we further impose the following constraint on the Coulomb branch parameters λ
Notice that, to describe the superconformal field theory partition function, we take the five-dimensional Yang-Mills coupling to infinity, 1/g 2 Y M = 0. Furthermore, possible ChernSimons couplings are turned off for the theories in consideration.
Five-dimensional # N,M theories
Now let us turn to the # N,M theories, for which a gauge theory deformation is given in equation (2.4) . Again, we start by rewriting the partition function of the quiver theory as 8) where, using the notation in (3.5), the exponent F
(3.9)
As before, we have to further impose the additional constraint 
Strategy for numerical evaluation
We now turn towards explicitly evaluating the perturbative parts of the (squashed) fivesphere partition function for the two classes of theories in consideration. To do so, we have to explicitly evaluate the Coulomb branch integrals in (3.4) and (3.8) for the matrix models of equations (3.6) and (3.9). We do so by employing a numerical saddle point method. On general grounds, a saddle point evaluation will be exact only in the strict parametrically large N , (M, N ) limits, and these limits will be our main interest here. However, we will also present consistency checks suggesting that these results can be taken seriously even for relatively small parameters. This was already observed in [42] in the case of Seiberg theories.
We follow the numerical method of [43] to evaluate the Coulomb branch integrals using a saddle point approximation. The saddle point equations are explicitly given by
where we have imposed the constraints (3.7) and (3.10). Though highly non-trivial, these equations can be solved numerically. To do so, it is convenient to rephrase the problem in terms of a system of
particles in the case of (3.11) and (N − 1)(M − 1) particles in the case of (3.12) with time-dependent coordinates λ i (t) ∈ R moving in a potential given by the explicit expressions (3.7) and (3.10), respectively. The corresponding equations of motion of that system of particles then read
where we have included signs ξ T N ∈ {±1} and ξ # N,M ∈ {±1} to ensure that the saddle points are attractive; in our case
Then, at large times t → ∞, the equilibrium configurations of these particles describe solutions to the saddle point equations (3.11) and (3.12).
With the solutions to the saddle point equations we can then evaluate the Coulomb branch integrals for the five-sphere partition functions. As derived in [41] , and reviewed in Appendix A.2, the conformal central charge C T is related to squashing deformations of the five-sphere partition function, explicitly detailed in equation (A.13). Thus, by evaluating the leading-order corrections to the round sphere partition functions in terms of squashing parameters, we can explicitly compute C T using the saddle point approximation.
The saddle point approximation is expected to become exact in the limit where the parameters N and (M, N ) for the T N and # N,M theories, respectively, are large. At parametrically small N , (M, N ), one may expect large relative corrections in the explicitly evaluated perturbative part of the full five-sphere partition function. Furthermore, one may expect instanton contributions. However, as observed in [42] , for Seiberg theories, the explicitly evaluated perturbative five-sphere partition function (and some central charges) are actually very accurately reproduced by the saddle point method even at small N , with relative errors of less than 1.6%. The T 2 , # 2,2 theories are equivalent to rank-one Seiberg theories with N f = 3, N f = 4, respectively, and the respective errors are below 0.5%. This suggests that the saddle point approximation accurately captures the actual results also for the T N and # N,M theories. We will in the following discuss the explicit numerical results and provide additional support to this effect by comparing the five-sphere free energy of S-dual theories # N,M and # M,N . 
Results
In this section we present the results and analyses of the numerical evaluation of the fivesphere partition functions and conformal central charges for the T N and # N,M theories.
The explicit results for five-sphere free energy, Table 1 . This data shows striking agreement with a quartic scaling ansatz; a least-squares fit to a degree four polynomial in N , 15) yields the following result
The relative error,
is O(10 −3 ) or below for all N > 10. For small N one may expect large deviations from a simple scaling ansatz, but the deviations are small even for small values of N : for 5 ≤ N ≤ 10, the relative error is still less than 1%, and only for N = 3 and N = 4 do we see substantial relative errors. The results are illustrated in Figure 2 . We emphasize that for the comparison to the supergravity result only the scaling of the leading large N term and its coefficient are relevant. It is a perhaps curious observation how well the polynomial ansatz including the subleading terms in (3.15) reproduces our numerical results. On general grounds, there may Table 2 : Explicit numerical values for C T of five-dimensional T N theories computed using the numerical saddle point evaluation.
well be additional terms, and the coefficients of the subleading terms may be subject to sizable corrections. These effects are, however, irrelevant for the comparison to the supergravity result. Similar statements apply for the conformal central charge C T . The results obtained from the numerical evaluation of the deformed five-sphere partition function are shown in Table 2 . Since the evaluation is more time-consuming, we restricted to N ≤ 22. We perform a similar least-squares fit of the data to a degree-four polynomial, For the # N,M theories, with two independent parameters, we tabulate the explicit numerical results for
We focus here on a discussion of the physical features. As a first step, we quantify the discrepancy between the results for the quiver deformation (2.4) and for the S-dual quiver deformation (2.7). This will provide a nontrivial consistency check on our computations. As discussed in the previous section, instanton contributions are expected to be suppressed in the large N, M limit. The comparison between the quiver and S-dual quiver will therefore serve as a quantitative indicator for the impact of instantons, and for the "error" of neglecting them. We define These results indicate that, for large N and M , the partition functions obtained from the quiver deformations indeed provide a good approximation to the superconformal field theory partition functions. For fixed N , the partition functions exhibit a clear quadratic scaling with M , and, likewise, for fixed M they exhibit a clear quadratic scaling with N . The excellent agreement between the results obtained from the quiver (2.4) and the S-dual quiver (2.7) for large N , M motivates a fit to a quadratic polynomial in the SL(2,
To quantitatively extract the large-N, M behavior, we restrict the data to the subset (3.21), and a least-squares fit results in
The maximal relative error for this fit function is less than 1%, which occurs for M , N at the lower end of (3.21), and the error decreases rapidly towards larger values of N , M . The 400 000 600 000 800 000 quality of the fit is illustrated in Figure 3 . We once again emphasize that the subleading terms may be subject to corrections, qualitatively and quantitatively, but that these corrections are irrelevant for the comparison to supergravity.
The discussion for the conformal central charge proceeds analogously. Explicit numerical results for N ≤ 15 can be found in Appendix B. There is again a clear quadratic scaling with N for fixed M and with M for fixed N . Following the same logic as for the partition functions, we choose the fit function
A least-squares fit, with 11 ≤ M, N ≤ 15, yields
The maximal relative error is less than 1%, and occurs for maximal |N − M |. A graphical illustration of the fit quality can be found in Figure 3 .
In summary, the behavior of the five-sphere partition function and conformal central charges in the limit of large N for the T N theory, as extracted from supersymmetric localization, is given by 26) while the behavior for large N , M for the # N,M theory is given by 27) In this section we review the supergravity solutions of [19, 21] and the results for the on-shell actions obtained in [23] . We then give explicit expressions for the five-sphere partition functions and conformal central charges for the T N and # N,M theories obtained from holography.
Solutions and on-shell action
The supergravity solutions in [19] have a geometry given by a warped product of AdS 6 × S 2 over a Riemann surface Σ, and they involve non-trivial axion-dilaton and two-form fields. The entire solution is parametrized by two locally holomorphic functions A ± on Σ. Physically regular solutions that are naturally associated to five-brane webs were constructed in [21] . For these solutions Σ is taken as a disc or, equivalently, the upper half plane with complex coordinate w, on which the locally holomorphic functions take the form
with complex constants Z ± that are discussed in detail in [21] . The supergravity fields are conveniently expressed in terms of the composite quantities
2)
The metric and complex two-form field C (2) are parametrized as
where the functions on Σ appearing in the metric are given by
and the function C parametrizing the complex two-form field is given by
The axion-dilaton scalar B = (1 + iτ )/(1 − iτ ) is given by
The differentials ∂ w A ± resulting from (4.1) have L ≥ 3 poles on the real line with residues given by Z ± . At these poles, the external (p, q) five-branes of the associated brane web emerge, with their (p, q)-charges determined by the residues. For a given choice of residues, subject to the constraints in (4.1), the remaining parameters are determined by regularity conditions, which are discussed in detail in [21] .
Since the five-form field vanishes in this class of solutions, the Type IIB supergravity onshell action can be evaluated straightforwardly. For Euclidean AdS 6 in global coordinates, such that the dual superconformal field theory is defined on S 5 , the general result is [23]
where Vol AdS 6 ,ren is the renormalized unit-radius AdS 6 volume,
For a general solution with three poles (equation (52) of [23] )
while for a solution with four poles and pairwise opposite-equal residues (equation (55) of [23] )
T N and # N,M partition functions
We now discuss the supergravity solutions that are naturally associated with the brane webs of Figure 1 in the conformal limit, and obtain the holographic results for the five-sphere partition functions. The precise relation of the residues Z ± to the (p, q) five-brane charges is obtained from the charge quantization conditions. From Section 3.9 of [21] , the complex three-form field strength near the pole p m is given by
where S 3 denotes the three-sphere formed in the geometry around the pole. With the NSNS two-form B 2 and the RR two-form C RR (2) , C (2) = B 2 + iC RR (2) . We follow the conventions of [44] for the normalization of the effective actions. The Dirac quantization conditions yield 12) and the identification of the five-brane charges with the residues as
To explicitly evaluate the Type IIB supergravity on-shell action, we also need the tendimensional Newton constant, given by
14)
The solution for the T N theory, which corresponds to a junction of N D5-branes, N NS5-branes and N (1,1) five-branes, is consequently realized by a three-pole solution, L = 3, with residues 
Similarly, using (4.10) and the residues in (4.17) yields the on-shell action for the # N,M solution as
The five-sphere partition functions of the dual superconformal field theories, with the sign conventions for the Euclidean action as in [23] , are given by F = S IIB .
Conformal central charges
We now discuss the conformal central charge C T , defined in Appendix A.2. As shown in [25] , C T is related to the five-sphere partition function by a simple rescaling for the superconformal field theories described by the warped AdS 6 solutions in Type IIB supergravity. The ratio can be obtained explicitly as follows. The effective six-dimensional gravitational coupling κ 6 is given by [25] 1 κ With C T as given [45, 46] (see also Section 4.1 of [42] with = 1 and d = 5), this yields
As shown in [23] , the five-sphere partition function is equal to the finite part of the entanglement entropy for a spherical region for the warped AdS 6 Type IIB solutions. This entanglement entropy in turn is given by (section IV of [23] )
S EE,finite = 64 9κ 2 10
We therefore find
With the result in (4.18), the supergravity prediction for the conformal central charge for T N theories is then 24) and similarly equation (4.19) gives the following central charge for the # N,M theories from supergravity
This provides another non-trivial prediction to be matched by the field theory computations at large N . The relation is the same as found for the Type IIA supergravity solutions in [42] , suggesting that it holds more generally for holographic conformal field theories. In Appendix C we show that it can indeed be derived with rather generic assumptions on the Kaluza-Klein reduced effective action.
Comparison
In this section we compare the field theory results for F S 5 and C T for the T N and # N,M five-dimensional superconformal field theories obtained in Section 3.3 to the corresponding supergravity results of Section 4.
The large N behavior of the five-sphere partition function and the conformal central charge for the T N theory, as obtained from supersymmetric localization, were given in (3.26), while the corresponding supergravity results are in (4.18) and (4.24), respectively. The first crucial check is for the scaling at large N . Both computations agree on the quartic scaling with N , for both quantities. For the overall numerical coefficient, we find
This shows that the large N behavior of the field theory partition function agrees to remarkable accuracy with the supergravity result. We recall that the fit function from which the large N behavior of the field theory results was extracted in Section 3.4 reproduces the actual numerical data with relative errors of at most O(10 −3 ) for all N > 10. This is roughly the order to which we find agreement of the large N behavior. Plots comparing the field theory results for finite N to the supergravity predictions are shown in Figure 4 . They show that the scaling as well as the coefficient of the leading term agree to high accuracy between the supergravity and field theory computations. These results certainly support the identification of the three-pole supergravity solution as the holographic dual for the T N theory.
For the # N,M theory the behavior of the sphere partition function and conformal central charge at large N and M , as obtained from localization, were given in (3.27), with the corresponding supergravity results in (4.19) and (4.25), respectively. Both computations agree on the scaling N 2 M 2 for both quantities. The scaling with N 2 coincides with the scaling of the partition function in the quiver deformation (2.4) in the limit where the theory is free. Such a weak coupling analysis, however, would yield a linear scaling with M , in contrast to the M 2 scaling exhibited by the actual results. The M 2 scaling thus is a genuine strong coupling effect in the quiver (2.4). In the dual quiver, (2.7), the roles of N and M are, naturally, reversed. For the overall numerical coefficients we obtain the following relation of localization and supergravity results,
This once again shows remarkable agreement between the field theory and supergravity computations. Plots comparing the field theory results for finite N to the supergravity prediction can be found in Figure 5 . The accurate agreement of supergravity and field theory computations supports the identification of the proposed supergravity dual with the superconformal field theory also in this case.
Discussion
In this paper we have initiated a detailed comparison of the Type IIB supergravity solutions of [20, 21] to the putative dual superconformal field theories at the level of the partition functions. Gauge theory deformations of the dual superconformal field theories are typically given by quiver gauge theories with two large parameters: the maximal rank of the involved gauge groups and the number of nodes. This is in particular the case for the two theories we have studied here, namely the T N theories and the # N,M theories, realized on an intersection of D5-and NS5-branes. The large Coulomb branches complicate analytic computations of the partition functions using supersymmetric localization. We have therefore employed numerical methods, and considered the field theories at finite N , up to N = 52, for the T N theories and finite N , M , up to M = N = 30, for the # N,M theories. From this large sample of explicit data we then extracted the scaling of the five-sphere partition functions and conformal central charges C T at large N and large N, M , respectively. The results accurately match the corresponding quantities obtained from the proposed supergravity duals for both theories, in scaling and in the leading coefficient. This lends strong support to the identification of the supergravity solutions with the proposed field theories.
For the finite N and (N, M ) computations we have employed the approximations that are typically used in large N limits. Namely, we dropped instanton contributions to the partition functions and used saddle point techniques. Both of these approximations are expected to become exact in the appropriate large N and large (N, M ) limits, which is the part of interest for the comparison to supergravity. For finite N and (N, M ) we have estimated the impact of these approximations by comparing the # N,M quiver gauge theory to the dual quiver with N and M exchanged. This comparison showed remarkable agreement already for moderate values of N and M , with the discrepancy vanishing with increasing N , M . This is in line with general expectations and supports the use of these approximations.
The results presented here are compatible with a potential F -theorem, and perhaps even a C T -theorem, in five dimensions: To the extent that the approximations discussed above do not qualitatively distort the finite N picture, the free energies and conformal central charges obtained here are consistent with possible flows between the theories and monotonicity of F and C T . This is in line with previous observations to the same effect in [9, 23, 41, 42, 47] . In the appropriate large N limits, the field theory results in particular exhibit the universal relation between F S 5 and C T realized in holographic theories (discussed in Appendix C). Due to this relation, an F -theorem is equivalent to a C T -theorem for theories which are holographic in the sense that they satisfy this relation. At finite N , however, the two quantities are independent, and may or may not satisfy monotonicity theorems individually.
An obvious direction for future research is the analytic evaluation of the five-sphere partition functions and central charges. The explicit numerical results, including the eigenvalue distributions, provide useful guidance for analytic computations, which we are currently investigating. Aside from analytic results, there are several novel ways in which the AdS 6 /CFT 5 correspondences in Type IIB string theory can be tested using methods similar to the ones employed here. First of all, there are additional classes of five-dimensional superconformal field theories that are conjectured to be captured by the general Type IIB solutions, e.g. theories realized by five-brane webs with additional seven-branes [22] . It would be interesting to provide explicit checks also of these proposed dualities. Furthermore, we can extend the checks of T N and # N,M to include flavor central charges (see [42] for such checks in massive IIA), which provide detailed probes not only of the supergravity solutions but also of flavor symmetry enhancement of the five-dimensional superconformal field theories. Other potential checks include squashed five-sphere or squashed Sasaki-Einstein partition functions, as well as Wilson loop expectation values (see [12, 14, 15, 18] for such checks in massive IIA AdS 6 solutions).
A Squashed five-sphere partition functions and conformal central charges
In this section we first briefly review the general form of the perturbative part of the (squashed) five-sphere partition function as derived in the references [29] [30] [31] [32] [33] . We shall then provide some generalities about the triple-sine functions appearing in the partition function in Appendix A.1, and outline the relation of the conformal central charge C T to squashing deformations of the five-sphere partition function as derived in [41] in Appendix A.2. The relevant formulas are used in the main text to compute the round sphere partition function as well as the conformal central charges of the ultraviolet superconformal field theories. The metric on a squashed (unit) five-sphere of U(1) × U(1) × U(1) isometry can be explicitly written as
with periodic coordinates φ j ∼ φ j + 2π. The first summand is the round (unit) five-sphere, and thus the squashed metric can be viewed as a deformation of the round sphere metric by turning on real non-vanishing squashing parameters a i = 0.
The perturbative part of the squashed five-sphere of U(1) × SU(3) isometry has been derived from a reduction of the six-dimensional superconformal index, and conjectured for general squashing in [33] . For a five-dimensional gauge theory of gauge group G, with N f hypermultiplets in a (real) representation R f ⊗R f of G, the perturbative part of the squashed five-sphere partition function is explicitly given by
where the products are taken over all roots α of G, the flavor hypermultiplets f = 1, . . . N f , as well as the weights ρ f of the corresponding representation R f ⊗R f . Furthermore, we denote by S 3 (z | ω 1 , ω 2 , ω 3 ) the triple sine function, which we define in Section A.1, with ω i the squashing parameter related to a i in the metric (A.1) by
and we additionally defined
Furthermore, we denote by |W| the cardinality of the Weyl group W of the gauge group G, and by F(λ) the classical flat space prepotential, explicitly given by 5) with g YM the classical five-dimensional gauge coupling, k the Chern-Simons coupling and Tr(λ) the Killing form of G.
A.1 Triple sine function
We now briefly review the definition of the triple sine function, S 3 (z | ω 1 , ω 2 , ω 3 ), as it appears in the squashed five-sphere partition function of five-dimensional gauge theories. It can be defined as [48] [49] [50] [51] 
where one can show that I 3 (z | ω 1 , ω 2 , ω 3 ) has the following integral representation
with the contour of integration given by the real axis minus the origin at x = 0, which is encircled by a semi-circle into the positive half-plane. Additionally, B 3,3 (z | ω 1 , ω 2 , ω 3 ) is a generalized Bernoulli polynomial, explicitly given by
Using these formulae one can explicitly compute
A.2 Conformal central charge C T from partition function
In references [41, 42] , central charges of five-dimensional superconformal field theories were shown to be related to deformations of the (round) five-sphere partition function. In particular, the conformal central charge C T , defined (in d-dimensions) as the coefficient in an appropriately normalized stress-tensor two-point function
where
is the unit volume of a (d − 1)-dimensional sphere, and I µν,ρσ (x) is the conformally covariant structure 11) can be computed from the squashed five-sphere partition function. More precisely, the conformal central charge C T is related to the squashed five-sphere free energy
as follows 13) and thus can be computed by expanding the latter to second order in the squashing parameters a i . We employ this relation to find explicit numerical results for C T which we compare to supergravity predictions in the main text.
B Numerical results for # N,M theories
In this section we present the values for the round five-sphere partition function −F
as well as the conformal central charges C
for the quiver deformations of the # N,M theories. They are computed using numerical saddle point methods, as explained in Section 3.3. (10, N ) 897044. 1.08664 · 10 6 1.29398 · 10 6 1.51904 · 10 6 1.76179 · 10 6 2.02219 · 10 6 (11, N ) 1.08956 · 10 6 1.3201 · 10 6 1.57228 · 10 6 1.84606 · 10 6 2.14139 · 10 6 2.45825 · 10 6 (12, N ) 1.30048 · 10 6 1.57591 · 10 6 1.87724 · 10 6 2.20442 · 10 6 2.55741 · 10 6 2.93618 · 10 6 (13, N ) 1.52978 · 10 6 1.85403 · 10 6 2.20883 · 10 6 2.5941 · 10 6 3.00982 · 10 6 3.45593 · 10 6 (14, N ) 1.77747 · 10 6 2.15447 · 10 6 2.56702 · 10 6 3.01508 · 10 6 3.49858 · 10 6 4.01748 · 10 6 (15, N ) 2.04354 · 10 6 2.4772 · 10 6 2.95182 · 10 6 3.46733 · 10 6 4.02368 · 10 6 4.6208 × 10 6 C C T /F S 5 in Kaluza-Klein supergravity
The relation between the conformal central charge C T and the five-sphere partition function discussed in Section 4.3 holds for generic holographic conformal field theories in odd dimensions d whose dual admits a (consistent) Kaluza-Klein reduction on AdS d+1 of the form S d+1 = 1 2κ
with effective (d + 1)-dimensional gravitational coupling κ 2 d+1 and the dots denoting matter fields which vanish in the AdS d+1 vacuum. In particular, in the AdS d+1 vacuum there are the following relations
with L the AdS d+1 curvature radius. With AdS d+1 in global coordinates,
the d-dimensional (unit) sphere partition function is obtained from this reduced action as
Vol AdS d+1 , (C. 4) where Vol AdS d+1 denotes the renormalized volume of unit radius AdS d+1 . For odd dimensional spheres S d , this quantity is well defined and given by the finite part of the integral With the formula for C T as given in [45, 46] (see also Section 4.1 of [42] ), we find
This is a universal relation for holographic conformal field theories whose duals are of this generic form, and is analogous to the a = c relation between the central charges for holographic conformal field theories in four dimensions.
